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ℓ2-BETTI NUMBERS OF RANDOM ROOTED
SIMPLICIAL COMPLEXES
MICHAEL SCHRÖDL-BAUMANN
Abstract. We define unimodular measures on the space of rooted
simplicial complexes and associate to each measure a chain com-
plex and a trace function. As a consequence, we can define ℓ2-Betti
numbers of unimodular random rooted simplicial complexes and
show that they are continuous under Benjamini-Schramm conver-
gence.
introduction
Benjamini and Schramm introduced unimodular random rooted graphs
and the notion of local weak convergence in [5], which has become a
well-studied topology to investigate graphs or networks. Since in inter-
acting complex systems not only interactions between two nodes, but
also between more nodes occur, we generalize - building on a work of
Elek [14] - a part of the extensive theory of graphs to simplicial com-
plexes.
A rooted simplicial complex is a triple (K,V (K), x) consisting of a sim-
plicial complex K on a vertex set V (K) and a fixed x ∈ V (K). Usually
we omit V (K) and just write (K, x). A simplicial complex is locally
finite if every vertex is contained in only finitely many simplices. We
say that two rooted simplicial complexes (K, x), (L, y) are isomorphic
if there is a simplicial isomorphism Φ: K → L such that Φ(x) = y.
Let SC∗ be the space of isomorphism classes of connected locally finite
rooted simplicial complexes (see Section 1). Bowen made use of this
space in [7] but similar ideas can already be found in [14].
Every finite simplicial complex K defines a random rooted simplicial
complex µK , which is a probability measure on SC∗, by choosing uni-
formly at random a vertex x ∈ V (K) as root (Example 3). A sequence
Kn of simplicial complexes converges weakly or Benjamini-Schramm if
the measures µKn weakly converge (Definition 17). The notion of weak
convergence of graphs goes back to Benjamini and Schramm [5] - for
simplicial complexes it was introduced by Elek in [14].
We will give a definition of ℓ2-Betti numbers of unimodular random
rooted simplicial complexes (Definition 12) and provide a proof of the
following result:
Theorem. Let (µn)n∈N be a sequence of sofic random rooted simplicial
complexes with uniformly bounded vertex degree. If the sequence weakly
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converge to a random rooted simplicial complex µ, then the ℓ2-Betti
numbers of (µn)n∈N converge to the ℓ
2-Betti numbers of µ.
As a consequence we get that the limit of normalized Betti numbers
of a Benjamini-Schramm convergent sequence Kn of finite simplicial
complexes of uniformly bounded degree exists, which is a result of Elek
[14], and the limit is the ℓ2-Betti number of the limit measure.
This result generalizes Lück’s approximation Theorem [24], which says
in its classical version that for a free Γ-CW-complex X, with Γ\X of
finite type,
lim
i→∞
bp(Γi\X ;Q)
[Γ : Γi]
= β(2)p (X , Γ)
holds for all finite index normal towers (Γi)i∈N. Farber [16] extended
this to so called Farber sequences, which weakens the assumption that
(Γi)i∈N is normal. Elek and Szabó [15] further extended this result to
normal towers (Γi)i∈N such that Γ/Γi is sofic for every i ∈ N. In [1]
Abert, Bergeron, Biringer, Gelander, Nikolov, Raimbault and Samet
proved an approximation result for Benjamini-Schramm convergent se-
quences of orbifolds which arise from a uniformly discrete sequence of
lattices in a semi-simple Lie group. Petersen, Sauer and Thom general-
ized the notion of Farber sequences to lattices in a totally disconnected,
second countable unimodular group G, which is also a instance of local
weak convergence and proved that the normalized Betti numbers of a
uniformly discrete Farber sequence converge to the ℓ2-Betti number of
the group G [28]. Recently Carderi, Gaboriau and de la Salle proved a
theorem for graphed groupoids and ultra products of them, which for
instance implies the convergence for Farber sequences [8].
1. random rooted simplicial complexes
Let SC∗ be the space of isomorphism classes of connected locally
finite rooted simplicial complexes. We denote an element of SC∗ with
representative (K, x) by [K, x]. We write B(K,x)(r) for the closed ball of
radius r centred at x in K, i.e. the rooted subcomplex of K consisting
of all simplices of K such that the graph distance of all their vertices
to the root is at most r. We denote the subset of SC∗ of all possible
rooted isomorphism classes of r-balls by B(r). A metric d on SC∗ is
given by
d([K, x], [L, y]) = inf
r
{
1
2r
∣∣∣∣ B(K,x)(r) ∼= B(L,y)(r)
}
and we define the r-neighbourhood of [K, x] by
Ur(K, x) : = {[L, y] ∈ SC∗ | B(L,y)(r) ∼= B(K,x)(r)}
=
{
[L, y] ∈ SC∗ | d([L, y], [K, x]) ≤ 1
2r
}
.
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With the r-neighbourhoods of finite simplicial complexes as basis, SC∗
becomes a Polish space. The isomorphism classes of finite rooted sim-
plicial complexes are a dense and countable subset of SC∗. Moreover,
the subset SCd∗ of isomorphism classes of rooted simplicial complexes
with vertex degree bounded by d ∈ N is a compact subspace of SC∗ [7].
We call a probability measure on SC∗ a random rooted simplicial com-
plex (rrsc).
Let SC∗∗ be the space of isomorphism classes of connected locally fi-
nite doubly rooted simplicial complexes. An element [K, x, y] of SC∗∗
consists of a connected simplicial complex K and an ordered pair of
vertices x, y ∈ V (K). The topology is given by
Ur([K, x, y]) :=
{
[L, p, q] ∈ SC∗∗
∣∣∣∣ (B(K,x)(r), x) ∼= (B(L,p)(r), p) and(B(K,y)(r), y) ∼= (B(L,q)(r), q)
}
.
An important class of random rooted simplicial complexes are the uni-
modular ones:
Definition 1. A probability measure µ on SC∗ is called unimodular if∫
SC∗
∑
y∈V (K)
f([K, x, y])dµ([K, x]) =
∫
SC∗
∑
x∈V (K)
f([K, x, y])dµ([K, y])
for all Borel measurable functions f : SC∗∗ → R≥0.
We define the maximum degree of an element [K, x] ∈ SC∗ by
degmax([K, x]) = sup
x∈V (K)
{deg(x)},
where deg(x) denotes the vertex degree, i.e. the number of 1-simplices
of K containing x. More generally, we define the p-degree degp(x) of
x as the number of p-simplices of K containing x. If the p-degree is
bounded then also the (p+1)-degree is. We will use the notation K(p)
for the set of p-simplices of K.
Definition 2. The degree deg(µ) of an random rooted simplicial com-
plex µ on SC∗ is the µ-essential supremum of the maximum degree:
deg(µ) = inf
{
d ∈ R | µ{[K, x] ∈ SC∗ | degmax([K, x]) > d} = 0
}
.
We say a measure µ is of bounded degree if deg(µ) <∞.
For comparison, the expected p-degree of µ is
E(degp) =
∫
SC∗
degp(x)dµ.
Now we will give some examples of (unimodular) random rooted
simplicial complexes:
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Example 3. (1) Every finite connected simplicial complex K de-
fines an unimodular rrsc of bounded degree by:
µK :=
∑
x∈V (K)
δ[K,x]
|V (K)| ,
where δ[K,x] denotes the Dirac measure of the point [K, x] in
SC∗. If K has more than one connected component, we define
the associated unimodular rrsc by:
µK :=
∑
x∈V (K)
δ[Kx,x]
|V (K)| ,
with Kx the connected component of x ∈ V (K).
(2) There is a more general construction, which also applies to in-
finite complexes. Let K be a connected locally finite simplicial
complex with unimodular automorphism group Aut(K). Fur-
ther, let {x1, x2, ...} be a complete orbit section of V (K). Then
there exist an unimodular probability measure µK on SC∗, fully
supported on the rooted isomorphism classes of K, if
c :=
∑
i
1
|Stab(xi)| <∞,
where | · | denotes the Haar measure. The unimodular rrsc is
given by:
µK :=
1
c
∑
i
δ[K,xi]
|Stab(xi)| .
In [3, Theorem 3.1] Aldous and Lyons give a proof of this state-
ment for graphs, which also applies to simplicial complexes.
They proved even more: The measure µG associated with a
graph G is unimodular if and only if the automorphism group
Aut(G) is unimodular. An important special case of this is the
following. Let K be as above with a proper, admissible (i.e. the
stabilizer of a simplex is the intersection of the stabilizers of its
vertices) and cocompact action of a discrete normal subgroup
Γ E Aut(K) =: G. Let F be a fundamental domain for the Γ
action and {x1, x2, ...} a complete orbit section for G in V (K).
Remark thatG/Γ is also discrete since F is finite. Subsequently,
we have the following formula for the rrsc:
µK :=
1
c
∑
i
δ[K,xi]
|StabG(xi)| =
1
c
∑
i
∑
g∈G
gx∈V (F)
δ[K,gxi]|StabG/Γ(Γxi)|
|StabG(xi)||G/Γ|
=
1
c
∑
y∈V (F)
δ[K,y]
|G/Γ||StabΓ(y)|
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And in a similar way we obtain that
c =
∑
y∈V (F)
|G/Γ|
|StabΓ(y)| ,
hence, with c(Γ) =
∑
y∈V (F)(|StabΓ(y)|)−1, we deduce that
µK :=
1
c(Γ)
∑
y∈V (F)
δ[K,y]
|StabΓ(y)| .
This shows that µK does not depend on the group or the choice
of the fundamental domain. Note that if the Γ-action is free,
µK has the following appearance:
µK =
∑
y∈V (F)
δ[K,y]
|V (F)| .
(3) Probability measure preserving equivalence relations R ⊂ X ×
X on a standard Borel space (X , ν) also give rise to random
rooted simplicial complexes. Let Σ be an R-simplicial com-
plex as introduced by Gaboriau [19], i.e. a measurable assign-
ment X ∋ x 7→ Σx of simplicial complexes together with an R-
action: For every (x, y) ∈ R there is a simplicial isomorphism
ψx,y : Σx → Σy such that ψx,y ◦ ψy,z = ψx,z and ψx,x = IdΣx .
Further assume there is a Borel fundamental domain F for the
action on the vertices with a countable partition F =
⊔
j∈J Fj
such that the projection π : F → X is injective on each Fj and∑
J ν(π(Fj)) <∞. Then this defines a unimodular rrsc:
µΣ,R(A) :=
∑
j∈J ν
(
π({f ∈ Fj | [Σpi(f), f ] ∈ A})
)
∑
j∈J ν(π(Fj))
,
for all Borel sets A. A special case of this is a field of graphs x 7→
Φx defined by a graphing Φ of R. In this case the fundamental
domain is just the diagonal (x, x) ∈ R and the random rooted
graph is given by
µΦ,R(A) = ν ({x ∈ X | [Φ(x), x] ∈ A}) .
Random rooted graphs defined by graphings were also treated in
[3]. For more information about measured equivalence relations
see [17, 18].
(4) The different models of random simplicial complexes, like the
Erdös-Rényi model G(n, p), the random d-complex Yd(n, p) of
Linial and Meshulam [22], random flag complexes X(n, p) [21]
or random geometric complexes (e.g. the random geometric
graph of Penrose [27]) give rise to unimodular measures on SC∗
by applying the construction of Example 3.1. to a random
sample.
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2. The ℓ2-chain complex of SC∗
In this section we will define the simplicial ℓ2-chain complex of SC∗.
For this, we need to choose a representative for each isomorphism class
in a measurable way. This was already done by Aldous and Lyons
[3] for rooted networks. Our construction is based on their ideas. We
denote the infinite dimensional simplicial complex consisting of all finite
subsets of N0 with ∆(N0). Considered as set, this is just P<∞(N0).
Since the space of finite subsets of N0 is countable, every simplex
of ∆(N0) can be identified with a natural number. We do this in the
following way (diagonal argument):(
N0 0 1 2 3 4 5 6 7 ...
∆(N0) {0} {1} {0, 1} {2} {0, 2} {1, 2} {0, 1, 2} {3} ...
)
.
and denote this map by Υ: N0 → ∆(N0). Subsequently all subsets of
{0, 1, 2, ...,n} show up in the first 2n+1 entries. Hence, we can iden-
tify the space of locally finite connected subcomplexes of ∆(N0) with
a subset of the space of sequences {0, 1}N0, where 0 at the n-th po-
sition means that the simplex Υ(n) of ∆(N0) is not contained in the
subcomplex. We give the space of locally finite connected simplicial sub-
complexes of ∆(N0) the subspace topology with respect to the product
topology on {0, 1}N0, i.e. open sets are generated by cylinder sets. We
have the following Lemma:
Lemma 4. There is a continuous map
Ψ: SC∗ −→ {subspaces of ∆(N0)} ⊆ {0, 1}N0,
[K, x] 7−→ (K, x)N
such that [(K, x)N, 0] = [K, x].
Proof. Let [K, x] ∈ SC∗. That there is a subcomplex Λ of ∆(N0) with
(Λ, 0) ∈ [K, x] is obvious, we obtain such a subcomplex by enumerating
the vertices of K in an arbitrary way and label the root with 0. Thus,
we restrict to this kind of subcomplexes. Given two such subcomplexes
Λ, Ξ ∈ {0, 1}N0. Then Λ < Ξ if, considered as sequences, Λ <lex Ξ with
respect to the lexicographic order, i.e. we look at the first position
where the sequences differ, if Λ has a 1 there, we say Λ < Ξ. Ψ maps
[K, x] to the smallest complex (K, x)N ∈ {0, 1}N0 with respect to this
order.
Claim: There exists a unique minimal subcomplex (K, x)N ⊂ ∆(N0)
for every [K, x] ∈ SC∗.
For a finite simplicial complex it follows from the well-ordering princi-
ple that a unique minimal subcomplex of∆(N0) exist. Let [K, x] by the
rooted isomorphism class of an infinite simplicial complex K and con-
sider the r-ball B(K,x)(r) around x in K. We claim that Ψ(B(K,x)(r)) =
BΨ(B(K,x)(r+1))(r) and hence the minimal element (K, x)N is given by
ℓ
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lim−→rΨ(B(K,x)(r)).
First remark that by the definition of the order, the set of vertices
must be the interval [0, 1, ...,Nr] ⊂ N, where Nr := |V (B(K,x)(r))|,
for both of the subcomplexes. For Ψ(B(K,x)(r)) this is obvious. For
BΨ(B(K,x)(r+1))(r) we will show it by induction on the second r. So sup-
pose that the vertices ofBΨ(B(K,x)(r+1))(r−1) are the interval [0, ...,Nr−1]
but on the other hand there is an k ∈ [Nr−1 + 1, ...,Nr] which is not
contained in BΨ(B(K,x)(r+1))(r), hence k must be at distance r + 1 to
the root in Ψ(B(K,x)(r + 1)). Therefore, BΨ(B(K,x)(r+1))(r) must con-
tain another vertex l ∈ [Nr + 1, ...,Nr+1]. But then all simplices of
the form s ∪ k ∈ ∆(N0), with s ⊂ {0, ...,Nr−1}, are not contained
in Ψ(B(K,x)(r + 1)). This is a contradiction to the minimality of
Ψ(B(K,x)(r + 1)), since by interchanging the roles of k and l we would
get a smaller complex for B(K,x)(r+1). After this consideration and the
definition of the order it is clear that Ψ(B(K,x)(r)) = BΨ(B(K,x)(r+1))(r).
Claim: Ψ is continuous.
Let [k] ⊂ {0, 1}N0 be the cylinder set with a 1 at the k-th position and
let Υ(k) the simplex {k0, ..., kn} ∈ ∆(N0))(n) with k0 < k1... < kn.
The distance of k0 to 0 is at most k0 for every minimal subcomplex of
∆(N0) which contains Υ(k). Consequently, if the image of a complex
contains Υ(k), then it is already in the image of the (k0 + 1)-ball and
hence the preimage consists of all k0 + 1-neighbourhoods of balls with
Υ(k) in their image i.e.
Ψ−1([k]) =
⋃
[L,y]∈B(k0+1)
Υ(k)∈Ψ([L,y])
Uk0+1(L, y).
This is a countable union of open sets, therefore Ψ is continuous. 
Definition 5 (simplicial ℓ2-chains of SC∗). Let µ be a random rooted
simplicial complex. We define the p-th simplicial ℓ2-chain module of
SC∗ with respect to µ as the direct integral Hilbert space
C(2)p (SC∗,µ) :=
∫ ⊕
SC∗
C(2)p ((K, x)N)dµ([K, x]),
where C
(2)
p ((K, x)N) denotes the space of complex or real valued square-
summable simplicial p-chains of the simplicial complex (K, x)N.
The space C
(2)
p (SC∗,µ) consists of µ-equivalence classes of µ-measurable
functions f on SC∗ such that f([K, x]) ∈ C(2)p ((K, x)N) almost every-
where and ‖f‖ ∈ L2(SC∗,µ). We call a function f measurable if
[K, x] 7→ 〈f([K, x]), δσ([K, x])〉
is measurable for all oriented p-simplices σ of ∆(N0)(p), where
δσ([K, x]) =
{
σ if σ ∈ (K, x)N
0 otherwise.
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The set {δσ | σ ∈ ∆(N0)(p)} is a so called fundamental sequence for
C
(2)
p (SC∗,µ). The inner product is given by
〈f , g〉µ =
∫
SC∗
〈f([K, x]), g([K, x])〉(K,x)Ndµ([K, x]).
Let T[K,x] be a continuous linear mapping of C
(2)
p ((K, x)N) to C
(2)
q ((K, x)N)
for every [K, x] ∈ SC∗. We call such a field of linear maps [K, x] 7→
T[K,x] measurable if
[K, x] 7→ 〈T[K,x]δσ, δθ〉
is measurable for every σ ∈ ∆(N0)(p) and θ ∈ ∆(N0)(q).
Definition 6 (Decomposable operators). We call an operator
T : C(2)p (SC∗,µ)→ C(2)q (SC∗,µ)
decomposable if there is a measurable field [K, x] → T[K,x] of oper-
ators, such that for every element f ∈ C(2)p (SC∗,µ) in the domain
of T and every [K, x] ∈ SC∗, f([K, x]) is in the domain of T[K,x],
[K, x] 7→ ‖T[K,x]f([K, x])‖ is square integrable and
(Tf)([K, x]) = T[K,x]f([K, x])
for µ almost all [K, x] ∈ SC∗.
T is closed (resp. densely defined, self-adjoint) if and only T[K,x] is
closed (resp densely defined, self-adjoint) µ almost everywhere [26, The-
orem 3].
Proposition 7. [10, II.3] Let [K, x] → T[K,x] be a measurable field of
operators on SC∗. If the µ-essential supremum D of [K, x] 7→ ‖T[K,x]‖
is finite, we call [K, x] → T[K,x] µ-essentially bounded and the field
defines a bounded operator T on C
(2)
p (SC∗,µ) with
‖T‖ = D.
For more details about direct integrals see [10] or [25]. Suppose we
have a Borel probability measure µ such that the fields of boundary
operators
∂p : [K, x] 7→ [∂p,[K,x] : C(2)p ((K, x)N)→ C(2)p−1((K, x)N)]
and its adjoints
∂∗p : [K, x] 7→ [∂∗p,[K,x] : C(2)p−1((K, x)N)→ C(2)p ((K, x)N)]
are µ-essentially bounded. Therefore, the measurable fields of operators
define bounded linear mappings between direct integral Hilbert spaces∫ ⊕
SC∗
∂p,[K,x]dµ = ∂p : C
(2)
p (SC∗,µ)→ C(2)p−1(SC∗,µ),∫ ⊕
SC∗
∂∗p,[K,x]dµ = ∂
∗
p : C
(2)
p−1(SC∗,µ)→ C(2)p (SC∗,µ),
ℓ
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with operator norm equals the µ-essential supremum. Since ∂p−1 ◦
∂p([K, x]) = 0 for all [K, x] ∈ SC∗ and p ∈ N we get a chain complex
...
∂p+1−−→ C(2)p (SC∗,µ)
∂p−→ C(2)p−1(SC∗,µ)
∂p−1−−→ ...
and hence, we can define the p-th reduced homology of SC∗ with respect
to µ by
H
(2)
p (SC∗,µ) = ker ∂p/im ∂p+1.
Further, we can define the Laplace operator ∆p = ∂
∗
p−1◦∂p+∂p+1◦∂∗p+1
and the direct integral Hilbert space of harmonic chains H(2)p (SC∗,µ).
There is, as long as ∆p is a bounded operator, an Hodge isomorphism
(cf. [13, p. 192]):
H
(2)
p (SC∗,µ) ∼= H(2)p (SC∗,µ).
Proposition 8. For every random rooted simplicial complex µ of
bounded degree deg(µ) = D the boundary operator ∂p, its adjoint
∂∗p and the Laplace operator ∆p are bounded operators on C
(2)
p (SC∗,µ)
for all p ∈ N.
Proof. First remark that ‖∂p‖ ≤
√
p+ 1 is independent of the vertex
degree since every p-simplex has p + 1 faces. Let us look at ∂∗p . First
consider the coboundary operator ∂∗p on a fixed simplicial complex K
with vertex degree bounded by D. For every (p − 1)-simplex σ of
K its image ∂∗p(σ) consists of at most D − (p − 1) p-simplices since
every vertex, which is contained in σ, must be contained in the p-
simplices of the image of σ and since the degree is bounded, there
can only be D − (p − 1) of them. Because µ is only supported on
simplicial complexes with vertex degree ≤ D, the µ-essential supremum
‖∂∗p‖ ≤
√
D − (p− 1). Putting the two estimates together, we get
‖∆p‖ ≤ 2
√
(p+ 2)D.

3. Trace and spectral measure
We fix a p ∈ N and an unimodular rrsc µ for this section.
Definition 9. The von Neumann algebra Algp(µ) is given by bounded
decomposable operators T on C
(2)
p (SC∗,µ) such that for almost all
[K, x] ∈ SC∗ and all non-rooted and not necessarily order preserving
simplicial isomorphisms (K, x)N → (L, y)N of subcomplexes of ∆(N0)
and for all simplicial chains z, z′ ∈ C(2)p ((K, x)N)
(1) 〈T[K,x]z, z′〉 = 〈T[L,y]φ(z),φ(z′)〉.
holds.
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It is obvious that this condition is closed under the weak topology.
Further, Equation 1 implies that the operators in Algp(µ) are indepen-
dent of the root. Therefore we will sometimes write TK instead of T[K,x].
We already introduced the fundamental sequence {δσ | σ ∈ ∆(N0)(p)}.
This time, we pick only the characteristic functions of oriented p-
simplices which contain 0 as a vertex, i.e.
Tp = {δσ | σ ∈ ∆(N0)(p) and 0 ∈ σ},
and call it the p-th trace family. We define a trace on the von Neumann
algebra Algp(µ) by
(2) trµp (T ) :=
∑
τ∈Tp
〈Tτ , τ〉µ
p+ 1
∈ [0,∞].
Note that the formula does not depend on the chosen orientation of τ .
We verify the trace property:∑
τ∈Tp
〈STτ , τ〉µ =
∑
τ∈Tp
〈Tτ ,S∗τ〉µ
=
∫
SC∗
∑
τ∈Tp
〈TKτ([K, x]),S∗Kτ([K, x])〉dµ([K, x])
=
∫
SC∗
∑
σ∈K(p)
∑
τ∈Tp
〈TKτ([K, x]), σ〉〈σ,S∗Kτ([K, x])〉dµ([K, x])
=
∫
SC∗
∑
y∈V (K)
∑
σ∈(K,x)N(p)
y∈σ
∑
τ∈Tp
〈TKτ([K, x]), σ〉〈SKσ, τ([K, x])〉
p+ 1
︸ ︷︷ ︸
f([K,x,y])
dµ([K, x])
Now we use unimodularity (Definition 1):
=
∫
SC∗
∑
y∈V (K)
f([K, y, x])dµ([K, x])
=
∫
SC∗
∑
y∈V (K)
∑
σ∈(K,y)N(p)
x∈σ
∑
τ∈Tp
〈TKτ([K, y]), σ〉〈SKσ, τ([K, y])〉
p+ 1
dµ([K, x])
=
∫
SC∗
∑
y∈V (K)
∑
σ∈(K,y)N(p)
x∈σ
∑
τ∈Tp
〈SKσ, τ([K, y])〉〈τ([K, y]),T ∗Kσ〉
p+ 1
dµ([K, x])
=
∫
SC∗
∑
σ∈(K,x)N(p)
0∈σ
〈SKσ,T ∗Kσ〉dµ([K, x])
=
∫
SC∗
∑
τ∈T
〈SKτ([K, x]),T ∗Kτ([K, x])〉dµ([K, x]) =
∑
τ∈Tp
〈TSτ , τ〉µ
ℓ
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Proposition 10. The trace trµp is normal, faithful and semi-finite. If
the expected p-degree at the root Eµ(degp) is finite, then tr
µ
p is a finite
trace.
Proof. Faithfulness follows from Equation (1), Definition 9. We check
semi-finiteness. Let A ∈ Alg(µ) be positive. We define the operators
An,[K,x] :=
A[K,x]
max{degp(x)− n, 1}
.
We will show that An weakly converges to A but first, we verify that
trµp(An) <∞.
trµp(An) =
∫
SC∗
∑
τ∈Tp
〈Aτ , τ〉
(p+ 1)max{degp(x)− n, 1}
dµ([K, x])
≤
∫
SC∗
‖A‖ degp(x)
(p + 1)max{degp(x)− n, 1}
dµ([K, x])
≤ ‖A‖(n+ 1)
p+ 1
We check weak convergence. Let σ, θ ∈ C(2)p (SC∗,µ):
〈Anσ, θ〉µ =
∫
SC∗
〈Anσ, θ〉dµ =
∫
SC∗
〈Aσ, θ〉
max{degp(x)− n, 1}
dµ
=
∫
[K,x]∈SC∗
degp(x)≤n
〈Aσ, θ〉dµ+
∫
[K,x]∈SC∗
degp(x)>n
〈Aσ, θ〉
degp(x)− n
dµ
n→∞−−−→
∫
SC∗
〈Aσ, θ〉dµ = 〈Aσ, θ〉µ
In the last step we used the fact that the elements of SC∗ are lo-
cally finite, hence the right summand tends to zero and the left one to∫
SC∗
〈Aσ, θ〉dµ. 
Example 11. We compute the trace of the identity operator Idp on
C
(2)
p (SC∗,µ):
trµp(Idp) =
∫
SC∗
∑
τ∈Tp
〈Idp τ , τ〉
p+ 1
dµ([K, x])
=
∫
SC∗
degp(x)
p+ 1
dµ([K, x]) = E(degp)/(p+ 1).
If µ is the unimodular rrsc associated to a finite simplicial complex K
this is equal to |K(p)|
|V (K)|
.
Let µ be an unimodular random rooted simplicial complex such that
the p-th Laplace operator is a bounded operator.
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Definition 12. We define the p-th ℓ2-Betti number of µ as the trace
of the projection onto the kernel of the Laplace operator, i.e.
β(2)p (µ) := tr
µ
p (projker(∆p)).
Example 13. We compute the ℓ2-Betti numbers of the rrscs defined
in Example 3. We denote by bp(K) the p-th ordinary Betti number
of the simplicial complex K and by β
(2)
p (K, Γ) the ℓ2-Betti numbers of
a Γ-simplicial complex with respect to the group von Neumann alge-
bra. Gaboriau gives a definition of ℓ2-Betti numbers of R-simplicial
complexes which we denote by βp(Σ,R, ν). If the R-simplicial com-
plex is p-connected, the definition is independent of the R-simplicial
complex Σ and hence it is called the p-th ℓ2-Betti number βp(R, ν) of
the equivalence realtion R [19].
(1) Given a finite simplicial complex L with its associated unimod-
ular rrsc µL and let P denote the projection onto the kernel of
the p-th Laplace operator. We compute the ℓ2-Betti numbers
of µL:
β(2)p (µL) =
∫
SC∗
∑
τ∈Tp
〈Pτ , τ〉
p+ 1
dµL([K, x])
=
∑
[K,x]∈SC∗
K∼=L
µL([K, x])
∑
σ∈(K,x)N(p)
0∈σ
〈Pσ, σ〉
p + 1
=
∑
[K,x]∈SC∗
K∼=L
|{y ∈ V (L) | (L, y) ∈ [K, x]}|
|V (L)|
∑
σ∈(K,x)N(p)
0∈σ
〈Pσ, σ〉
p+ 1
=
1
|V (L)|
∑
y∈V (L)
∑
σ∈L(p)
y∈σ
〈Pσ, σ〉
p + 1
=
1
|V (L)|
∑
σ∈L(p)
〈Pσ, σ〉 = bp(L)|V (L)| = β
(2)
p (L, {e})
From line three to four we used the fact that (L, y) and ((K, x)N, 0)
are root isomorphic, so
∑
σ∈(K,x)N(p)
0∈σ
〈Pσ, σ〉
p+ 1
=
∑
σ∈L(p)
y∈σ
〈Pσ, σ〉
p+ 1
.
Also note, if we sum over all p-simplices containing a fixed ver-
tex and then sum over all vertices, we hit every p-simplex ex-
actly p+1 times. We will use this fact constantly.
(2) Let L be an infinite connected locally finite simplicial complex
with a free, admissible and cocompact action of a discrete group
ℓ
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Γ with fundamental domain F .
β(2)p (µL) =
∫
SC∗
∑
τ∈Tp
〈Pτ , τ〉
p+ 1
dµL([K, x])
=
∑
[K,x]∈SC∗
K∼=L
µL([K, x])
∑
σ∈(K,x)N(p)
0∈σ
〈Pσ, σ〉
p+ 1
=
1
|F|
∑
x∈F
∑
σ∈L(p)
x∈σ
〈Pσ, σ〉
p+ 1
=
1
|F|
∑
σ∈F(p)
〈Pσ, σ〉 = β
(2)
p (L, Γ)
|F|
(3) Given a probability measure preserving equivalence relationR ⊂
X×X on a standard Borel space (X , ν). Let Σ be aR-simplicial
complex with fundamental domain F =
⊔
j∈J Fj of Σ
(0) such
that π : Fj → X is injective and
∑
j∈J π(ν(Fj)) < ∞. We de-
note the vertex over x in Fj by fj(x). A fundamental domain
for the ordered simplices of Σ(p) is given by
{(f , v1, ..., vp) ∈ Σ(p) | f ∈ F , vi ∈ Σ(0) for 1 ≤ i ≤ p}.
Among these ordered simplices we can choose a representative
for each unordered simplex, this gives us a fundamental domain
F ′ =
⊔
i∈I F
′
i of Σ
(p) for the action of R×Sp such that the pro-
jection π : F ′i → X is injective for each i ∈ I. The characteristic
functions of these sets define a total sequence σi for the direct
integral
∫ ⊕
X
C
(2)
p (Σx)dν and hence define a trace [19, p.120]. We
compute the ℓ2-Betti numbers:
β(2)p (µΣ,R)
=
∫
SC∗
∑
τ∈Tp
〈Pτ , τ〉
p+ 1
dµΣ,R([K, x])
=
∫
X
1∑
j∈J ν(π(Fj))
∑
j∈J
∑
τ∈Tp
χpi(Fj)
〈Pτ , τ〉([Σx, fj(x)])
p+ 1
dν
=
∫
X
1∑
j∈J ν(π(Fj))
∑
j∈J
∑
σ∈Σ
(p)
x
fj(x)∈σ
χpi(Fj)(x)
〈Pσ, σ〉Σx
p+ 1
dν
=
1∑
j∈J ν(π(Fj))
∫
X
χpi(F ′i )(x)
∑
i∈I
〈Pσi(x), σi(x)〉Σxdν
=
dimRH(2)p (Σ)∑
j∈J ν(π(Fj))
=
βp(Σ,R, ν)∑
j∈J ν(π(Fj))
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As in the examples before, we used the fact that summing over
all p-simplices containing one of the vertices of the fundamen-
tal domain F , is the same as summing (p + 1) times over a
fundamental domain F ′ for the unordered p-simplices.
Since we will need it later, we recall the spectral theorem for self-
adjoint operators.
Theorem 14 (Spectral theorem). For every self-adjoint operator T
on a Hilbert space H there exist a unique projection valued measure
ET : Bor(R)→ P(H) such that for all bounded Borel functions f on R
f(T ) =
∫
R
f(λ)dET (λ).
The following proposition is from Dykema [12, Proposition 4.2], it
also applies to unbounded operators:
Proposition 15. Let T =
∫ ⊕
X
T (ξ)dη(ξ) be a self-adjoint, decompos-
able operator on the direct integral Hilbert space H = ∫ ⊕
X
H(ξ)dη(ξ).
For every Borel subset B ⊂ R we have
ET (B) =
∫ ⊕
X
ET (ξ)(B)dη(ξ).
Moreover, for every Borel measurable function f : R→ R, we have
f(T ) =
∫ ⊕
X
f(T (ξ))dη(ξ).
By applying the spectral theorem, we can define the spectral measure
of a self-adjoint operator T on C
(2)
p (SC∗,µ) as
νT : Bor(R)→ [0,∞];
νT (B) = tr
µ
p (ET (B)) =
∑
τ∈Tp
〈ET (B)τ , τ〉µ/(p+ 1).
Note that νT has compact support if T is a bounded operator and
further, if T is decomposable, this definition is (by Proposition 15)
equivalent to
νT (B) =
∑
τ∈Tp
∫
SC∗
〈ET[K,x](B)τ , τ〉dµ/(p+ 1)
=
∫
SC∗
∑
σ∈K(p)
x∈σ
〈ET[K,x](B)σ, σ〉/(p+ 1)dµ
=:
∫
SC∗
νT[K,x](B)dµ
ℓ
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Observe that by Theorem 14 we also have that:
trµp (f(T )) =
∑
τ∈Tp
〈f(T )τ , τ〉µ/(p+ 1)
=
∑
τ∈Tp
∫
R
f(λ)d〈ET (λ)τ , τ〉/(p+ 1)
=
∫
R
f(λ)dνT (λ).
Remark. We return to the Laplace operator. The Laplace operator
is always closable but it is in general, when the vertex degree is not
bounded, not essentially self-adjoint. That is the reason why we will
only consider rrscs of bounded degree. Before we go on, we will sum-
marize some results about the question, when the Laplace operator
is essentially self-adjoint. In [29] Wojciechowski proves that the 0th
Laplace operator on a locally-finite graph is essentially self-adjoint. In
[6, Proposition 2.2] it is shown that the 0th Laplace operator for uni-
modular measures on the space of rooted locally finite graphs G∗ is es-
sentially self-adjoint. In [4] Anné and Torki-Hamza defined a property
called χ-completness for graphs, which implies that the 1st-Laplace op-
erator is essentially self-adjoint. This property was extended by Chebbi
[9] to 2-dimensional simplicial complexes, where it also implies essen-
tially self-adjointness of the 1st and 2nd Laplace operator. Chebbi
likewise gives an example of a 2-dimensional simplicial complex with a
non self-adjoint Laplace operator. In [23] Linial and Peled studied the
spectral measures of random simplicial complexes Y (n, c
n
) and showed
that they weakly converge to the spectral measure of a Poisson d-tree,
which has a self-adjoint Laplace operator.
Even though the most things hold true in the unbounded case, as long
as the Laplace operator is self-adjoint, we will assume in the following
that µ is an unimodular random rooted simplicial complex of bounded
degree. We denote the projection valued measure of the p-th Laplace
operator ∆p on C
(2)
p (SC∗,µ) by E∆p.
Definition 16. We define the p-th spectral measure of an unimodular
random rooted simplicial complex of bounded degree µ as
νµp (S) = tr
µ
p (E∆p(S)),
for every Borel set S ⊂ R.
As remarked after Proposition 15, this is equivalent to
νµp (S) =
∫
SC∗
νKp (S)dµ,
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where
νKp (S) =
∑
σ∈K(p)
x∈σ
〈EK∆p(S)σ, σ〉
p+ 1
is the spectral measure of the p-th Laplace operator of K with EK∆p
the corresponding projection valued measure. This approach was for
example chosen in [2] and [23] in the context of rooted graphs.
Note that νµp is not a probability measure, but it is finite as long as
the expected p-degree at the root Eµ(degp) =
∫
SC∗
degp(x)dµ is finite
(which is the case if µ has bounded degree), since we have
νµp (R) = tr
µ
p (Ep(R)) = tr
µ
p(Idp) = Eµ(degp)/(p+ 1).
Remark. For an unimodular random rooted simplicial complex µ of
bounded degree the p-th ℓ2-Betti number is
β(2)p (µ) = ν
µ
p ({0}).
4. Benjamini-Schramm convergence and approximation
Theorem
Definition 17. We say a sequence Kn of simplicial complexes con-
verges Benjamini-Schramm to K if
µKn(U[L,y](r))→ µK(U[L,y](r))
for all r and all finite [L, y] ∈ SC∗. This is equivalent to say that the
rrscs µKn weakly converges to µK i.e.∫
SC∗
f([L, x])dµKn([L, x])→
∫
SC∗
f([L, x])dµK([L, x])
for all bounded continuous functions f : SC∗ → R.
Definition 18. We call a random rooted simplicial complex µ sofic
if there is a sequence (Kn)n of finite connected simplicial complexes
converging Benjamini-Schramm to µ.
It is clear that sofic measures are unimodular since unimodularity
is preserved under weak convergence. It is an open question if all
unimodular measures are sofic [3].
Example 19 (Towers of covering spaces). Let K be a simplicial com-
plex of vertex degree bounded by some D ∈ N with a simplicial, proper
and cocompact action of a discrete group Γ. Suppose that Γ is residu-
ally finite and let (Nn)n∈N be a descending sequence of finite index
normal subgroups of Γ with
⋂
n∈NNn = {1}. Then the sequence
(Kn)n := (K/Nn)n converges Benjamini-Schramm to
µK =
1
c(Γ)
∑
x∈F(0)
δ[K,x]
|StabΓ(x)| ,
ℓ
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where F is a fundamental domain for the Γ-action. This can be seen
by the following fact: We fix an r > 0. Then, for sufficiently large
n ∈ N, the r-ball Br(K, x) is isomorphic to the r-ball Br(Kn, xNn)
for all x ∈ V (K) and the action of Nn on K is free. Let F(Nn) be a
fundamental domain for the action of Nn on K, with n large enough.
Hence, we have for every α ∈ SC∗:
µK(Uα(r)) =
|{x ∈ V (F(Nn)) | Br(K, x) ∼= α}|
|V (F(Nn))| cf. Example 3 (2)
=
|{x ∈ V (Kn) | Br(Kn, xNn) ∼= α}|
|V (Kn)|
= µKn(Uα(r)).
Let K be a simplicial complex with a cocompact action of a sofic group,
then there exist a Benjamini-Schramm convergent sequence of simpli-
cial complexes converging to µK .
In the following we will present our version of Lück’s approximation
Theorem [24]. The proof adapts the ideas of [2] to higher dimensions,
where Abért, Thom and Virág proved a similar result for graphs [2].
They showed that for sofic measures of uniformly bounded degree on
the space of rooted graphs, weak convergence implies pointwise conver-
gence of the spectral measures. Our proof relies on their ideas, though
we have a different approach, which gives us the possibility to define
spectral measures in a more general way. They also mentioned the
possibility of applying their result to simplicial complexes by identify-
ing the p-simplices with vertices and putting Z-labelled edges between
them, according to the matrix coefficients of the p-th Laplace operator.
Theorem. Let (µn)n∈N be a sequence of sofic random rooted simplicial
complexes with uniformly bounded vertex degree. If the sequence weakly
converge to a random rooted simplicial complex µ, then the ℓ2-Betti
numbers of (µn)n∈N converge to the ℓ
2-Betti numbers of µ.
Before we start with the proof we recall the following lemmas. The
first one is a consequence of the approximation theorem of Weierstraß
and the second one is known as Portmanteau theorem:
Lemma 20. Let µ be a Borel measure on R and let (µn)n∈N be a
sequence of measures. Assume there is a compact set C which contains
the support of µn for every n ∈ N and assume further that
lim
n→∞
∫
R
f(t)dµn(t) =
∫
R
f(t)dµ(t)
holds for all polynomials f ∈ R[x]. Then µn weakly converges to µ.
Lemma 21. Let νn be a sequence of finite Borel measures on R which
weakly converge to ν. Then
(1) lim infn→∞ νn(U) ≥ ν(U) for all open sets U ⊂ R,
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(2) lim supn→∞ νn(A) ≤ ν(A) for all closed sets A ⊂ R.
The following lemma is the first step of the proof of the Theorem:
Lemma 22. For a weakly convergent sequence µn → µ of unimodular
rrsc with deg(µn) ≤ D <∞ for all n ∈ N, the corresponding spectral
measures νµnp → νµp weakly converge.
Proof. To relax the notation we denote the spectral measures νn := ν
µn
p
and ν := νµp . The norm of the Laplace operator is bounded by some
constant R(µ) ∈ [0,∞) which depends on the degree of the rrsc. Since
deg(µn) is uniformly bounded, we know ‖∆p‖µn ≤ R for all n ∈ N and
hence the spectra of the Laplace operators ∆p on C
(2)
p (SC∗,µn) lie in
[−R,R] for all n ∈ N. Moreover, by Lemma 20, it is enough to show
that
lim
n→∞
∫
R
f(x)dνn(x) =
∫
R
f(x)dν(x)
holds for polynomials f ∈ R[x]. By linearity we can restrict further to
f(x) = xr.∫ R
−R
λrdνn(λ) =
∑
τ∈Tp
∫
SC∗
∫ R
−R
λrd〈Ep(λ)τ , τ〉dµn/(p+ 1)
=
∑
τ∈Tp
∫
SC∗
〈(∆p)rτ , τ〉dµn/(p+ 1)
The r-th power of ∆p only depends on the (r + 1)-neighbourhood of
the root and the weak convergence of µn implies that
lim
n→∞
µn(Us(α)) = µ(Us(α))
for all s-balls α ∈ B(s) and s ∈ N, so the measures µn restricted to
(r + 1)-neighbourhoods converge and hence
lim
n→∞
∫ R
−R
xrdνn =
∫ R
−R
xrdν. 
Lemma 23. For a sofic rrsc µ of degree bounded by some D > 0
there is always a sequence of finite simplicial complexes Kn with degree
bounded by D such that µKn weakly converge to µ.
Proof. Since µ is sofic, there exists a sequence Ln of finite simplicial
complexes such that µLn weakly converge to µ. This is equivalent to
µLn(Ur(α)) → µ(Ur(α)) for all rooted r-balls α ∈ B(r) and r ∈ N.
We remove edges of Ln which contain at least one vertex of degree
greater then D, and all higher simplices containing these edges, until
the maximum degree is at most D and denote the new sequence by Kn.
We consider the possible kinds of r-balls and vertices:
ℓ
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(1) Let α ∈ B(r) such that there exists a vertex x ∈ V (α) with
deg(x) > D. In this case we know that µ(Ur(α)) = 0, since
deg(µ) ≤ D and hence µLn(Ur(α)) → 0. By construction, we
also have that µKn(Ur(α)) = 0.
(2) Suppose all vertices of α have degree at most D. If
(B(Ln,x)(r), x)
∼= α,
there are no simplices in this r-ball of Ln to remove and also
(B(Kn,x)(r), x)
∼= α.
(3) The last case that remains is
(B(Ln,x)(r), x) 6∼= α but (B(Kn,x)(r), x) ∼= α.
Thus, there must be a vertex y ∈ V (B(Ln,x)(r)) with deg(y) >
D.
Consequently we have for every r-ball α and r ∈ N:
µLn(Ur(α))− µKn(Ur(α))
≤µLn
({
Ur(β)
∣∣∣∣ β ∈ B(r) and ∃y ∈ V (β)with deg(y) > D
})
=1− µLn
({
Ur(β)
∣∣ β ∈ B(r) and deg(y) ≤ D ∀y ∈ V (β) })
n→∞−−−→1− µ ({Ur(β) ∣∣ β ∈ B(r) and deg(y) ≤ D ∀y ∈ V (β) })
=1− 1 = 0.
=⇒µKn(Ur(α))→ µ(Ur(α)). 
We complete the proof of the Theorem:
Proof. By Lemma 22 we know that the spectral measures νn of the
sofic bounded degree rrscs µn weakly converge to the spectral measure
ν of µ. First assume µ is an unimodular rrsc associated with a finite
simplicial complex K with vertex degree at most D. We pick a basis
for C
(2)
p (K) by choosing an orientation for every p-simplex. Hence we
can write the Laplace operator ∆p on C
(2)
p (K) as a d× d matrix with
integral coefficients, where d is the number of p-simplices in K. Thus,
the characteristic polynomial q(x) of ∆p is in Z[x] and of degree d. The
product of the non-zero roots of q(x), which are all in [−‖∆p‖, ‖∆p‖],
is one of the coefficients of q, so it is in Z\{0} and hence we get
(3) 1 ≤ Πλi 6=0|λi|.
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The spectral measure of any Borel set S ⊂ R has the following form
(with vi the normed eigenvector of λi):
ν(S) =
∑
τ∈Tp
∫
SC∗
〈E∆p(S)τ , τ〉dµ/(p+ 1) =
∑
σ∈K(p)
〈EK∆p(S)σ, σ〉/|V (K)|
=
∑
σ∈K(p)
∑
λi∈S
〈〈σ, vi〉vi, σ〉/|V (K)| =
∑
λi∈S
‖vi‖
|V (K)| =
|{λi ∈ S}|
|V (K)| .
The second equality is the same computation as in Example 13. Thence,
we can express the number of eigenvalues in the set S by
(4) |{i | λi ∈ S}| = ν(S)|V (K)|.
Let I0 = (−ǫ, ǫ)\{0} for some 1 > ǫ > 0. By Equation 3 and 4 we get
the following inequality:
1 ≤ Πλi 6=0|λi| ≤ ǫ|V (K)|ν(I0)‖∆p‖d,
where we estimated the eigenvalues in I0 by ǫ. Therefore we get
0 ≤ −|V (K)|ν(I0) ln(1/ǫ) + d ln(‖∆p‖)
ν(I0) ≤ d ln(‖∆p‖)|V (K)| ln(1/ǫ) .
The maximal number of p-simplices in a complex with vertex degree
bounded by some D ∈ N is (D
p
) |V (K)|
p+1
, consequently we can make the
right side independent of the number of vertices |V (K)|:
ν(I0) ≤
ln(‖∆p‖)
(
D
p
)
(p+ 1) ln(1/ǫ)
.
Moreover, ‖∆p‖ is bounded by some number R(D) only depending
on the vertex degree D. Up to now we looked at an rrsc associated
to a finite simplicial complex, but we get the same inequality for any
sofic measure µ of degree bounded by D, since by Lemma 23 we know
it is the limit of a sequence µKn of finite simplicial complexes, all of
degree bounded by D. We denote the associated spectral measures by
ν respective νn and apply Lemma 21:
ν(I0) ≤ lim inf
n→∞
νn(I0) ≤
ln(R(D))
(
D
p
)
(p+ 1) ln(1/ǫ)
.
After we showed this estimate for every sofic rrsc of bounded degree, we
can finish the proof. First, we restate the assumptions of the Theorem.
Let νn be a sequence of spectral measures associated to a sequence of
sofic rrscs µn of degree bounded by D which weakly converge to µ and
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let ν be the spectral measure of µ. We conclude:
lim sup
n→∞
νn({0}) ≤ ν({0}) ≤ ν((−ǫ, ǫ)) ≤ lim inf
n→∞
νn(−ǫ, ǫ)
≤ lim inf
n→∞
νn({0}) +
ln(R(D))
(
D
p
)
(p+ 1) ln(1/ǫ)
Letting ǫ tend to zero, completes the proof. 
Corollary (Euler-Poincaré Formula). Let µ be a sofic random rooted
simplicial complex of bounded degree and with dimension n. Then
n∑
p=0
(−1)pβ(2)p (µ) =
n∑
p=0
(−1)pE(degp)
p+ 1
,
where E(degp) denotes the expected number of p-simplices containing
the root.
Proof. For a random rooted simplicial complex µK , associated with a
finite simplicial complexK, we have by Example 13 (1) that β
(2)
p (µK) =
bp(K)
|K(0)|
and therefore
n∑
p=0
(−1)pβ(2)p (µ) =
n∑
p=0
(−1)p bp(K)|K(0)| =
χ(K)
|K(0)| =
n∑
p=0
(−1)p |K(p)||K(0)|
=
n∑
p=0
(−1)p
∫
SC∗
degp(x)
p+ 1
dµK =
n∑
p=0
(−1)pEµK (degp)
p+ 1
,
where we denote by χ(K) the Euler characteristic of K. Applying
our main theorem yields the equality for sofic random rooted simplcial
complexes of bounded degree. 
References
[1] Miklos Abert, Nicolas Bergeron, Ian Biringer, Tsachik Gelander, Nikolay
Nikolov, Jean Raimbault, and Iddo Samet, On the growth of L2-invariants
for sequences of lattices in Lie groups, Ann. of Math. (2) 185 (2017), no. 3,
711–790, DOI 10.4007/annals.2017.185.3.1. MR3664810
[2] M. Abért, A. Thom, and B. Virág, Benjamini-Schramm convergence and
pointwise convergence of the spectral measures, preprint (2011), available at
https://users.renyi.hu/~abert/luckapprox.pdf.
[3] David Aldous and Russell Lyons, Processes on unimodular random networks,
Electron. J. Probab. 12 (2007), no. 54, 1454–1508, DOI 10.1214/EJP.v12-463.
[4] Colette Anné and Nabila Torki-Hamza, The Gauß-Bonnet operator of an infi-
nite graph, Analysis and Mathematical Physics 5 (2015), no. 2, 137–159, DOI
10.1007/s13324-014-0090-0.
[5] Itai Benjamini and Oded Schramm, Recurrence of distributional limits of finite
planar graphs, Electron. J. Probab. 6 (2001), no. 23, 13.
[6] Charles Bordenave, Spectrum of random graphs, available at
https://www.math.univ-toulouse.fr/~bordenave/coursSRG.pdf.
[7] Lewis Bowen, Cheeger constants and L2-Betti numbers, Duke Math. J. 164
(2015), no. 3, 569–615, DOI 10.1215/00127094-2871415.
22 M. SCHRÖDL-BAUMANN
[8] Alessandro Carderi, Damien Gaboriau, and Mikael de la Salle, Non-standard
limits of graphs and some orbit equivalence invariants, arXiv e-prints (2018"),
available at 1812.00704.
[9] Y. Chebbi, The discrete Laplacian of a 2-simplicial complex, ArXiv e-prints
(2018), available at 1802.08422.
[10] Jacques Dixmier, Von Neumann Algebras, North-Holland Publishing Com-
pany, 1981.
[11] P. G. Dixon, Unbounded Operator Algebras, Proceedings of the London Math-
ematical Society s3-23, no. 1, 53-69, DOI 10.1112/plms/s3-23.1.53.
[12] K. Dykema, J. Noles, F Sukochev, and D. Zanin, On reduction theory and
Brown measure for closed unbounded operators, ArXiv e-prints (2015), available
at 1509.03362.
[13] Beno Eckmann, Introduction to ℓ2-methods in topology: Reduced ℓ2-homology,
harmonic chains, ℓ2-betti numbers, Israel Journal of Mathematics 117 (2000),
no. 1, 183–219, DOI 10.1007/BF02773570.
[14] Gábor Elek, Betti Numbers are Testable*, Fete of Combinatorics and Computer
Science, 2010, pp. 139–149, DOI 10.1007/978-3-642-13580-46.
[15] Gábor Elek and Endre Szabó, Hyperlinearity, essentially free actions and L2-
invariants. The sofic property, Mathematische Annalen 332 (2005), no. 2, 421–
441, DOI 10.1007/s00208-005-0640-8.
[16] Michael Farber, Geometry of growth: approximation theorems for
L
2-invariants, Mathematische Annalen 311, no. 2, 335–375, DOI
10.1007/s002080050190.
[17] Jacob Feldman and Calvin C. Moore, Ergodic equivalence relations, cohomol-
ogy, and von Neumann algebras. I, Trans. Amer. Math. Soc. 234 (1977), no. 2,
289–324, DOI 10.2307/1997924.
[18] , Ergodic equivalence relations, cohomology, and von Neumann algebras.
II, Trans. Amer. Math. Soc. 234 (1977), no. 2, 325–359, DOI 10.2307/1997925.
[19] Damien Gaboriau, Invariants l2 de relations d’équivalence et de groupes, Pub-
lications Mathématiques de l’IHÉS 95 (2002), 93-150 (fre).
[20] D. Gaboriau, Invariant percolation and harmonic Dirichlet functions, Geom.
Funct. Anal. 15 (2005), no. 5, 1004–1051, DOI 10.1007/s00039-005-0539-2.
[21] Matthew Kahle, Topology of random clique complexes, Discrete Math. 309
(2009), no. 6, 1658–1671, DOI 10.1016/j.disc.2008.02.037.
[22] Nathan Linial and Roy Meshulam, Homological connectivity of random 2-
complexes, Combinatorica 26 (2006), no. 4, 475–487, DOI 10.1007/s00493-
006-0027-9.
[23] Nathan Linial and Yuval Peled, On the phase transition in random simpli-
cial complexes., Ann. Math. (2) 184 (2016), no. 3, 745–773, DOI 10.4007/an-
nals.2016.184.3.3 (English).
[24] W. Lück, Approximating L2-invariants by their finite-dimensional analogues,
Geom. Funct. Anal. 4 (1994), no. 4, 455–481, DOI 10.1007/BF01896404.
[25] Ole A. Nielsen, Direct integral theory, Vol. 61, Marcel Dekker, 1980.
[26] A. E. Nussbaum, Reduction theory for unbounded closed operators in Hilbert
space, Duke Math. J. 31 (1964), no. 1, 33–44, DOI 10.1215/S0012-7094-64-
03103-5.
[27] Mathew Penrose, Random geometric graphs, Oxford Studies in Probability,
vol. 5, Oxford University Press, Oxford, 2003.
[28] Henrik Densing Petersen, Roman Sauer, and Andreas Thom, L2-Betti num-
bers of totally disconnected groups and their approximation by Betti num-
bers of lattices, J. Topol. 11 (2018), no. 1, 257–282, DOI 10.1112/topo.12056.
MR3784232
ℓ
2-BETTI NUMBERS OF RANDOM ROOTED SIMPLICIAL COMPLEXES 23
[29] R. K. Wojciechowski, Stochastic Completeness of Graphs, PhD Thesis, 2007,
https://arxiv.org/abs/0712.1570.
Institute for Algebra and Geometry, Karlsruhe Institute of Tech-
nology, Englerstr. 2, 76128 Karlsruhe, Germany
E-mail address : michael.schroedl@kit.edu
